We demonstrate for the six vertex and XXZ model parameterized by ∆ = −(q + q −1 )/2 = ±1 that when q 2N = 1 for integer N ≥ 2 the Bethe's ansatz equations determine only the eigenvectors which are the highest weights of the infinite dimensional sl 2 loop algebra symmetry group of the model. Therefore in this case the Bethe's ansatz equations are incomplete and further conditions need to be imposed in order to completely specify the wave function. We discuss how the evaluation parameters of the finite dimensional representations of the sl 2 loop algebra can be used to complete this specification.
I. INTRODUCTION
The study of the eigenvectors and eigenvalues of the Hamiltonian of the XXZ chain with periodic boundary conditions specified by
(σ is a conserved quantum number since the operator in the right hand side commutes with the Hamiltonian (1.1) The eigenvalues of (1.1) are
(cos p j − ∆) (1.5) where cos p = − cos γ + sin 2 γ cosh v − cos γ .
(1.6)
The corresponding momentum P is obtained from (iγ + v j ) sinh 1 2 (iγ − v j ) .
(1.7)
There are many solutions of (1.2) but it is a simple matter 5 to determine the particular solution that leads to the ground state. However the derivation of the equations is not restricted to the ground state. Thus there arises the question of whether or not the totality of solutions of the Bethe's equation (1.2) will give all eigenvalues of (1.1). This is referred to as the completeness problem for the Bethe ansatz equation.
There is a large literature concerning this completeness problem 7 -20 and the closely related problems of classifying solutions of Bethe's equation in terms of the string hypothesis 21 -23 and quartets, and wide and narrow pairs 24 -26,12,13 . As recently as ref.
z max −lN has the binomial multiplicity 2S z max /N l . This sl 2 loop algebra symmetry must also lead to consequences for the solutions of the corresponding Bethe's equation (1.2) but unlike the XXX model with the finite symmetry algebra of sl(2) multiple occupancy of v j = ±∞ does not explain this degeneracy. It is the primary purpose of this paper to study the relation of the sl 2 loop algebra symmetry discovered in ref. 28 to the Bethe's equation (1.2) . In order to efficiently study all the solutions of Bethe's equation we find it most useful to recall that (1. 
we find from (1.9) that the zeros v j are given by (1.2) as long as the simultaneous vanishing
does not occur. In general this is all which is known. However, in the special case where S z = 0 Baxter in equation 101 of ref. 38 gives the following explicit expression for the matrix Q(v) which is valid for all γ
where α j , β j = ±1 are the eigenvalues of σ z j at the site j, ρ is a suitable normalizing constant and the restriction S z = 0 means that L is even and that
The functional equation (1.9) and the exact expression (1.14) for Q with S z = 0 will be the basis for most of our studies of the solutions v j of Bethe's equation (1.2) .
In order to make our statements precise we will first summarize in sec. 2 what is meant by the string hypothesis of refs.
21 and 23 and formulate procedures for numerically determining the solutions v j of the Bethe's equation (1.2) . In section 3 we will study these numerical solutions of (1.2) for the two values ∆ = 0, −1/2 and compare with the picture given by the string hypothesis 21, 23 and the counting of ref. 17 . For the case ∆ = 0 the complete solution was given long ago by Lieb, Schultz and Mattis 41 . We will see that the v j which are obtained from the Bethe's ansatz equation (1.2) in the limit ∆ → 0 and from the exact expression (1.14) for Q with S z = 0 do not agree with the corresponding v j of 41 whereas the state counting results of ref.
17 do agree with 41 . Similarly for ∆ = −1/2 the roots obtained from continuity and from the exact expression (1.14) for Q with S z = 0 are also different from the string structure posited by ref.
17 . It must be stressed, however, that even though the numerical results we find for v j do not agree with the results of ref. 41 for ∆ = 0 our results do not contradict this paper because the eigenvectors being discussed are linear combinations of the Bethe states with degenerate eigenvalues which we obtained by continuity. We explain this in detail in sec. 4 and relate this phenomenon to the picture obtained from the evaluation representation decomposition of the sl 2 loop algebra. For for the case ∆ = 0 we explicitly compute these evaluation parameters using Jordan Wigner techniques. For both ∆ = 0, −1/2 we present an empirical relation between the evaluation parameters computed as roots of the associated Drinfeld polynomial and some of the numerical solutions of sec. 3 We conclude by remarking that even though for the explicit roots of unity with N = 2, 3 presented in sec. 3 the phenomenon of quartets 24 -26,12,13 does not happen we have in fact found many examples for N ≥ 4 where quartet states are present. The existence of these non-string states has nothing to do with the degeneracies resulting form the sl 2 loop algebra of ref.
28 and therefore we have not extended our examples to cases with N ≥ 4. However these quartets are most interesting in their own right and for that reason we will discuss them separately elsewhere.
II. FORMULATION
In this section we make precise what is meant by the string hypothesis and we outline the procedure we will use to numerically study the roots v j of the Bethe's equation (1.2).
A. The string hypothesis
The detailed study of the solutions of the Bethe's equation (1.2) was begun in 1972 in ref. 21 where it is hypothesized that in the limit L → ∞ the roots v j form complexes of n values where the imaginary parts are either ℑv = (n + 1 − 2k)γ mod 2π (n + 1 − 2k)γ + π mod 2π (2.1)
In other words as L → ∞ the roots of (1.2) are of the form (eqn. 2.9 of ref. 21 )
where δ > 0, v r j is real and k = 1, 2, · · · , n The first type of solution is called an n string of positive parity (denoted as (n+)) and the second type of solution is called an n string of negative parity (denoted by (n−)).
The form of solution (2.2) is universally referred to as the string hypothesis although some authors include the term O(exp(−δL)) only implicitly. It is mandatory that these terms are included for all n ≥ 2 because if they are not the right hand side of (1.2) will contain explicit factors of zero or infinity.
The next question which arises is which values of n are allowed for a given value of γ. For an irrational value of γ/π an infinite number of values of n are allowed when L → ∞. However for the values γ = mπ/N (when the root of unity condition q 2N = 1 holds) the maximum value of n determined by the formalism of eqns. (2.12)-(2.14) of ref.
21 is n max = N − 1.
For the purposes of this paper we will restrict our attention to the special case γ = π/N. Then the formalism of ref. 21 gives the following allowed states of strings: (1, +), (2, +), · · · , (N − 1, +) and (1, −).
There are several assumptions which have been tacitly made in these derivations which should be made explicit.
First of all there is the assumption which is sometimes made that all the real parts v r j in (2.2) should be finite. However, examples of infinite roots are known for both the XXX and XXZ models (see for example ref. 18 ) and for the XXX model these infinite roots are connected with the sl(2) multiplet structure of the degeneracies. These infinite roots mean only that the number of finite roots is less than the assumed value of 
− |S
z | which appears in (1.2). We do not make this assumption of finiteness of v r j in our definition of string state and thus these "singular solutions" do not violate our form of the hypothesis.
There is a more serious problem, however, which first seems to have been made explicit in 1997 by Takahashi 23 who realized that the picture given above for γ = mπ/N is not complete and that strings of length N must also be allowed. We call these strings complete N strings. In ref.
23 where this possibility is first pointed out there is no restriction on parity given. Therefore in the special case γ = π/N the meaning of the string hypothesis as taken from refs 23 is that the form for the roots is (2.2) and the allowed string length are (1, +), . . . , (N, +), (1, −), (N, −). We note, however, that implicitly certain complete N strings are contained in the combinatorial completeness arguments of ref.
17 because this counting contains composite states consisting of an (N − 1, +) string and a (1, −) string and for N ≥ 3 this composite state will in fact be a complete N string if the real parts of (N − 1, +) and (1, −) are equal.
There is however, a very important feature of these complete N strings which has not been clearly stated previously because in equations (197) and (198) of ref.
23 only the limiting L → ∞ form of the strings is given. In fact it will be seen below both by examining the functional equation of Baxter (1.9) and the numerical solutions of sec. 3 that the spacings of the N different imaginary parts of the complete N strings are exactly given by 2γ for finite L. This feature is not present for all of the other strings and we will thus refer to these N strings as "exact complete N strings".
From (1.5) we see that the contribution of an exact complete N string to the energy is zero (independent of L). In other words the eigenstates of the Hamiltonian which differ only by exact complete N strings are degenerate in energy. This is exactly the degeneracy which arises from the sl 2 loop symmetry algebra found in ref. 28 . From (1.7) we find the contribution to the momentum of the exact complete N string with γ = πm/N
The feature of the exact spacing of the imaginary parts of the roots of the exact complete N strings has the dramatic effect that there are now terms in the Bethe's equation (1.2) which are of the form 0/0 and therefore there is no equation left to determine the real part. Even worse there is no equation to guarantee that v r j need be real if there is a state which contains two or more exact complete N strings. We thus conclude that even though ref. 23 introduces exact complete N strings it actually computes nothing about them.
B. Exact complete N strings in Baxter's Q
The meaning and the necessity of exact complete N strings comes from the sl 2 loop algebra symmetry and is easily seen when Baxter's matrix functional equation (1.9)is written in terms of the eigenvalues of T (v) and Q(v). When the root of unity condition q 2N = 1 holds the transfer matrix has degenerate eigenvalues. But on the other hand the matrix Q(v) does not have degenerate eigenvalues. Therefore the only way for the functional equation (1.9) to hold for the degenerate eigenvalues of T (v) with several distinct polynomials Q(v) is for Q(v) to contain factors of the exact complete N string
These factors obey Q N (v) = Q N (v + 2iγ) and hence the simultaneous vanishing condition (1.13). Therefore we conclude when the root of unity condition (1.8) holds that the functional equation (1.9) is not sufficient to determine the parameter α in the exact complete N strings (2.4) which exist if L is sufficiently large. Indeed the functional equation does not by itself even guarantee that the imaginary part of α is either 0 or π.
C. Solution by Continuity
For any fixed L any deviation of q from q 2N = 1 will break all the degeneracies of the eigenvalues of T (v) and now there will be a one-to-one relation between the eigenvalues of T (v) and Q(v). Therefore one way to determine the values of α in the exact complete N string of (2.4) is by continuity from the nondegenerate case. This will give a limiting set of solutions of the Bethe's ansatz equation at the roots of unity.
In principle for any given root of unity we can analytically determine a set of limiting Bethe's ansatz equations by continuity from (1.2) which resolves the ambiguity of 0/0. However, here we will follow an alternative numerical procedure which begins with the functional equation (1.9). Our procedure is as follows. Because of the commutation relation [T (v), T (v ′ )] = 0 the eigenvectors of T (v) are independent of v and we may determine them numerically on the computer by choosing any convenient value of v we please. By letting T (v) act on these v independent numerical vectors we may determine the eigenvalues as polynomials in e v of degree L on the computer. We then determine the coefficients of the 
− |S
z | order polynomials on the computer. The limit of ∆ → 0 and ∆ → ±1/2 is then obtained by studying sequences of ∆ which approach the root of unity under consideration. Of course in practice there is an optimum value of ∆ such that if we come closer to the root of unity than this value the accuracy of the computation will deteriorate. Fortunately for the cases considered in this paper this necessary limitation does not interfere with our ability to see the qualitative features of the limiting case.
This method of continuity can be done for any value of S z . The validity of this approach to the limit is then checked for the special case S z = 0 by numerically diagonalizing the matrix (1.14) exactly at ∆ = 0 (γ = π/2) and ∆ = − 1 2 (γ = π/3).
III. NUMERICAL STUDIES FOR L = 16
In this section we use the procedure outlined above to study the continuous solution to Bethe's equation (1.2) at ∆ = 0 and ∆ = −1/2. The two cases are presented separately.
We have obtained the Bethe's roots for all 2 16 eigenvalues of the L = 16 chain from the Q of (1.14) at exactly ∆ = 0 for S z = 0 and by the limiting procedure described above for all other values of S z . The root content of all eigenvalues without exception is described by (1, +), (1, −) strings, exact complete 2 strings and infinite roots. The ground state contains only (1, +) strings and its root content is given in table 1.
The states are grouped into degenerate multiplets which have a highest weight (in terms of S z ) which have only (1, +) and (1, −) roots in the sector S z = 0(mod 2) but which may also contain an infinite root for S z = 1(mod 2). The highest weight states are not degenerate and are therefore identical with the states of ref. 41 . The remaining members of the multiplet contain exact complete 2 strings. The content of exact complete 2 strings and large roots for each type of multiplet is given in table 2.
In table 3 we give examples of multiplets with one exact complete two string.
In table 4 we consider multiplets with multiple exact complete two strings by considering the states whose highest weight is S z = 6 with momentum 2π/16 in S z = 0, ±4 and 18π/16 in S z = ±2, ±6 There are seven such multiplets with energies 0, ±.2986..., ±.72111..., ±.55197.... These multiplets have 6 states in S z = ±4, 15 states in S z = ±2 and 20 states in S z = 0. In table 4 we give the root content of the state with E = −.55197 in S z = 0 and S z = 2 as an illustration. In particular we note that the following types of imaginary parts occur 1) 0 and π 2) ±π/2 3) Pairs of two strings with imaginary parts other than 0, ±π/2 and π.
In figure 1 we extend this by plotting the location of all Bethe's roots of all eigenvalues in the sector S z = 0. In this plot all roots whose imaginary part is not 0 or π come from exact complete 2 strings.
In table 5 we give examples of multiplets with S z = 3, 1, −1 and S z = 3, 1, −1, −3 With the data from fig. 1 we may now examine in much greater detail the meaning of the term"Bethe's ansatz equation" which is commonly used to refer to eqn. (1.2). Consider first directly setting γ = π/2 in (1.2). We see that (1.2) reduces to
and thus
and from (1.6)
with m = 0, 1, · · · , L − 1. The solutions to (3.2) all satisfy
which obviously is in gross contradiction to the example of table 2 and with the large mass of data summarized in Fig. 1 . On the other hand the roots of (3.1) are precisely the roots of the string ansatz of ref. 17 and agree exactly with the computation of Lieb, Schultz and Mattis 41 . This disagreement between the solution of Bethe's equation (1.2) for ∆ taken continuously to zero and the solutions of (3.1) was noted in ref.
20 where the equation (3.1)is referred to as Bethe's equation and with this terminology the authors are able to say that Bethe's equation is complete at ∆ = 0 but that there is a discontinuity at ∆ = 0. However, as we emphasized in sec. 1 the Bethe's equation (1.2) is only derivable under the assumption that the simultaneous vanishing (1.13) does not occur. It seems to us more appropriate to preserve the condition (1.13) whenever we refer to (1.2) as the "Bethe's equation." Since the equation (3.1) holds even for the cases where the simultaneous vanishing (1.13) occurs we would prefer to call it the Lieb-Schultz-Mattis equation after is original discoverers. With this terminology we reserve the name "Bethe's equation" at roots of unity as the equation satisfied by the roots obtained by continuity as ∆ → 0 for S z = 0 and by the roots of Q(v) of (1.14) at ∆ exactly zero for S z = 0. With his terminology Bethe's equation will be continuous at ∆ = 0 by definition; however the explicit form of the equation when there are exact complete 2 strings in the state is not known. Regardless of terminology it is a fact that the roots of the eigenvalues of Q(v) given by (1.14) are not all given by (3.1).
If this lack of continuity happened only at ∆ = 0 it would perhaps only be of semantic interest whether or not we call (1.2) without the condition (1.13) by the name of Bethe's equation. But the phenomenon which we just saw at ∆ = 0 happens for all ∆ obtained from the root of unity condition (1.8). To make this specific we here explicitly consider the case ∆ = −1/2.
The root contents of the highest weight state of each multiplet are now made up of (1, +), (2, +) and (1, −) strings. In table 6 we give the root content of the ground state for ∆ = ±1/2 which contains only (1, +) roots and the excited state (in P = 4π/16) which contains a single (2, +) string. In table 7 we list the exact complete 3 string and infinite root content of all multiplets. In table 8 we give several examples of multiplets with one exact complete 3 string and in table 9 we give an example of a multiplet with S z = 6, 3, 0, −3, −6
In table 10 we give examples of multiplets with S z = 5, 2, −1, −4, S z = 5, 2, −1 and S z = 4, 1, −2 In Fig. 2 we plot the position of the roots of all eigenvalues of Q(v) in the sector S z = 0. We note as for ∆ = 0 that the values of the imaginary parts which are not 0, ± π/3 or π are all for roots of exact complete 3 strings.
IV. COMPLETENESS, INCOMPLETENESS AND EVALUATION PARAMETERS
As done above for ∆ = 0 it is always possible to make the statement that Bethe's equation is complete in the degenerate cases if we can start from a completeness in the case where the parameter ∆ is generic and then define the term "Bethe's equation" at the root of unity case by continuity. This, of course, has the serious disadvantage that at roots of unity most of the "Bethe's equations" are not yet known.
On the other hand if we define Bethe's equation to be (1.2) with the restriction (1.13) even at roots of unity (1.8) then the examples given above for ∆ = −1/2 demonstrate that Bethe's equation by itself is not complete. Instead with this definition Bethe's equation is complete for the highest weight of the multiplet and the remaining states must be obtained by applying appropriate lowering operators to this state of highest S z . To be more precise we turn to the theory of finite dimensional representations of (quantum) affine Lie algebras 42 -44 where the states of a degenerate multiplet are specified by tensor products of evaluation representations. To determine the evaluation parameters of these representations (in the sector S z ≡ 0 (mod N)) we use the two Chevalley generators of the sl 2 loop algebra T +(N ) and S −(N ) defined in ref. 28 to define the numbers µ r from
where Ω is the vector in the multiplet with the maximum value of S z . From these µ r we form the Drinfeld polynomial
Then the evaluation parameters a j are given as
As a specific example Jimbo (private communication) has shown that for a chain with L ≡ 0 (mod N) with N odd and q = e πi/N that for the multiplet whose highest weight state is the vector with all spins up we have
and thus the corresponding Drinfeld polynomial is
For a complete solution to the problem we need an efficient method of computing the evaluation parameters and an explicit construction of the eigenvectors of T (v) in terms of these evaluations parameters. Both of these problems are open at the present.
Moreover the relation of the evaluation representation to the exact complete N strings is not known. We do know empirically that for the multiplets S z = N, 0, −N (which have two states in S z = 0 and are specified by two evaluation parameters a 1 , a 2 ) that the real parts of the complete exact N strings of both the states in S z = 0 are equal and are given by
We also know for the multiplet S z = 2N, N, 0, −N, −2N that if we consider the states in S z = 0 with two complete exact N strings which have the same real part then this real part is given in terms of the four evaluation parameters as
But for ∆ = 0 it was possible to go further and produce the alternative equation (3.1) to reduce (1.2) to (3.1) and this equation is well defined even for solutions where the simultaneous vanishing (1.13) occurs. This equation did not give the roots of Q(v) but did correctly give all eigenvalues and eigenvectors of the Hamiltonian. It can also be determined that all evaluation parameters are of the form
where p j is given by (3.3). It is thus natural to ask if a similar procedure can be done for other values of ∆. This seems to be the approach to completeness taken in ref.
17 where a string ansatz is made for the solutions of (1.2) whenever the equation is well defined and then (tacitly) applied for the cases where the vanishing condition (1.13) holds and the equations is not defined. This procedure gave the correct counting but because no equation comparable to (3.1) is given there it is not possible to construct the corresponding degenerate states in the multiplet. Furthermore the relation which this procedure has to the evaluation representation of the sl 2 loop algebra symmetry is not known. Tables  Table 1. Root content for ∆ = 0 of the ground state with E = −10.251 · · · and P = 0 −2. Table 4 . An example of the roots of a degenerate multiplet S z = 6, 4, 2, 0, −2, −4, −6 in ∆ = 0, L = 16 with highest weight S z = 6. We choose the state with E = −.5517987..... The multiplet has 2 6 = 64 states. In S z = 0 there are 20 states, the momentum is P = 2π/16 and the roots are computed from the explicit expression for Q (1.14). In S z = 2 there are 15 states, the momentum is P = 18π/16. All states have the same (1,+) and (1,-) roots in addition to exact complete 2 strings. S z = 0, P = 2π/16 Table 4 continued S z = 0, P = 2π/16 Table 10 . Examples of multiplets with S z max = 5 and 4 with L = 16 and ∆ = 1/2. The roots listed are taken from the data for ∆ = −.501 and we indicate by ±∞ roots which give contributions to the total momentum of ±2π/3 in the limit ∆ → −1/2. We give the other roots to 6 places but note that some of the values can differ from their values at ∆ = −1/2 by as much as 0.07. 
